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Poincare´ gauge theory of (2+1)-dimensional gravity
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Department of Physics, Osaka City University, 3-3-138 Sugimoto, Sumiyoshi-ku, Osaka 558,
Japan
Abstract
A Poincare´ gauge theory of (2+1)-dimensional gravity is developed. Fun-
damental gravitational field variables are dreibein fields and Lorentz gauge
potentials, and the theory is underlain with the Riemann-Cartan space-time.
The most general gravitational Lagrangian density, which is at most quadratic
in curvature and torsion tensors and invariant under local Lorentz transforma-
tions and under general coordinate transformations, is given. Gravitational
field equations are studied in detail, and solutions of the equations for weak
gravitational fields are examined for the case with a static, “spin”less point
like source. We find, among other things, the following: (1)Solutions of the
vacuum Einstein equation satisfy gravitational field equations in the vacuum
in this theory. (2)For a class of the parameters in the gravitational Lagrangian
density, the torsion is “frozen” at the place where “spin” density of the source
field is not vanishing. In this case, the field equation actually agrees with
the Einstein equation, when the source field is “spin”less. (3)A teleparallel
theory developed in a previous paper is “included as a solution” in a limiting
case. (4)A Newtonian limit is obtainable, if the parameters in the Lagrangian
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density satisfy certain conditions.
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I. INTRODUCTION
Recently, lower dimensional gravity has been attracting considerable attentions. The
(2+1)-dimensional Einstein theory has no Newtonian limit and no dynamical degrees of
freedom, but it has non-trivial global structures. This theory has been studied mainly
because of the local triviality and of the global non-triviality [1-3]. For the (3+1)-dimensional
gravity, there have been proposed various theories alternative to the Einstein theory, among
which we have a teleparallel theory [4] and Poincare´ gauge theories [5–9]. A Poincare´ gauge
theory has been examined [10] also for the (1+1)-dimensional case.
It would be significant to develop various theories of gravity also for (2+1)-dimensional
case, which will bring us toy models useful to examine basic concepts in theories of gravity.
In a previous paper [11], the present author has proposed a teleparallel theory of (2+1)-
dimensional gravity having a Newtonian limit and black hole solutions.
The purpose of this paper is to develop a Poincare´ gauge theory of (2+1)-dimensional
gravity, in a limiting case of which a teleparallel theory given in Ref. [11] is “included as a
solution”.
II. DREIBEINS, THREE-DIMENSIONAL LORENTZ GAUGE POTENTIAL AND
RIEMANN-CARTAN SPACE-TIME
The three-dimensional space-time M is assumed to be a differentiable manifold endowed
with the Lorentzian metric gµνdx
µ ⊗ dxν (µ, ν = 0, 1, 2) related to the fields ek = ekµdxµ
(k = 0, 1, 2) through the relation gµν = e
k
µηkle
l
ν with (ηkl)
def
= diag(−1, 1, 1). Here, {xµ;
µ = 0, 1, 2} is a local coordinate of the space-time. The fields ek = eµk∂/∂xµ, which are
dual to ek, are the dreibein fields. The Lorentz gauge potentials Aklµ (= −Alkµ) transform
according as
A′klµ(x) = A
kl
µ(x) + ω
k
m(x)A
ml
µ(x)
+ωlm(x)A
km
µ(x)− ∂µωkl(x) , (2.1)
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under the infinitesimal Lorentz gauge transformation of ekµ(x):
e′kµ(x) = e
k
µ(x) + ω
k
l(x)e
l
µ(x) , (2.2)
where ωkl
def
= ηlmωkm is an infinitesimal real valued function of x and is antisymmetric with
respect to k and l. Here, (ηkl) is the inverse matrix of (ηkl), and in what follows, raising and
lowering the indices k, l, m,..... are accomplished with the aid of (ηkl) and (ηkl). The covariant
derivative Dkϕ of the field ϕ belonging to a representation σ of the three-dimensional Lorentz
group is given by
Dkϕ = e
µ
k
(
∂µϕ+
i
2
AlmµMlmϕ
)
, (2.3)
where Mkl
def
= −iσ∗(Mkl). Here, {Mkl, k, l = 0, 1, 2} is a basis of the Lie algebra of the
three-dimensional Lorentz group satisfying the relation,
[Mkl,Mmn] = −ηkmM ln − ηlnMkm
+ηknM lm + ηlmMkn , (2.4)
Mkl = −M lk , (2.5)
and σ∗ stands for the differential of σ. The field strengths of e
k
µ and of A
kl
µ are given by
T klm
def
= eµle
ν
m(∂µe
k
ν − ∂νekµ)
+eµlA
k
mµ − eµmAklµ , (2.6)
Rklmn
def
= eµme
ν
n(∂µA
kl
ν − ∂νAklµ
−AkrµAlrν + AkrνAlrµ) , (2.7)
respectively. We have the relation,
Rklmn = ηkmRln − ηknRlm − ηlmRkn + ηlnRkm
−1
2
(ηkmηln − ηknηlm)R , (2.8)
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where we have defined Rkl
def
= Rk
m
lm and R
def
= Rkk.
For the world vector field V = V µ∂/∂xµ, the covariant derivative with respect to the
affine connection Γµλν is given by
DνV
µ = ∂νV
µ + ΓµλνV
λ . (2.9)
We make the requirement,
DlV
k = eν le
k
µDνV
µ , (2.10)
for the Lorentz vector field V k, where V µ
def
= eµkV
k. Then the relation,
Aklµ ≡ Γνλµekνeλl + ekν∂µeνl , (2.11)
follows, and we have
T kµν ≡ ekλT λµν , (2.12)
Rklµν ≡ ekλeρlRλρµν , (2.13)
Dλgµν
def
= ∂λgµν − Γρµλgρν − Γρνλgµρ ≡ 0 (2.14)
with
T µνλ
def
= Γµλν − Γµνλ , (2.15)
Rµνλρ
def
= ∂λΓ
µ
νρ − ∂ρΓµνλ + ΓµτλΓτνρ − ΓµτρΓτνλ . (2.16)
The components T µνλ and R
µ
νλρ are those of the torsion tensor and of the curvature tensor,
respectively, and they are both non-vanishing in general. Thus, the space-time M is of the
Riemann-Cartan type. From (2.14), we obtain
Γλµν =
{
λ
µ ν
}
+Kλµν , (2.17)
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where the first term denotes the Christoffel symbol,
{
λ
µ ν
}
def
=
1
2
gλξ(∂µgξν + ∂νgξµ − ∂ξgµν) , (2.18)
and the second stands for the contortion tensor,
Kλµν
def
= −1
2
(
T λµν − Tµλν − Tνλµ
)
. (2.19)
The field components ekµ and e
µ
k will be used, as for the case of V
µ and V k in the above,
to convert Latin and Greek indices.
III. LAGRANGIAN DENSITIES AND GRAVITATIONAL FIELD EQUATIONS
For the matter field ϕ, LM (ϕ,Dkϕ) is a Lagrangian [12] invariant under three-dimensional
local Lorentz transformations and under general coordinate transformations, if LM(ϕ, ∂kϕ)
is an invariant Lagrangian on the three-dimensional Minkowski space-time.
For the fields ekµ and A
kl
µ, Lagrangians, which are invariant under local Lorentz trans-
formations including also inversions and under general coordinate transformations and at
most quadratic in torsion and curvature tensors, are given by
LT = αt
klmtklm + βv
kvk + γa
klmaklm + δ , (3.1)
LR = a1E
klEkl + a2I
klIkl + a3R
2 + aR . (3.2)
Here, tklm, vk and aklm are the irreducible components of Tklm defined by
tklm
def
=
1
2
(Tklm + Tlkm) +
1
4
(ηmkvl + ηmlvk)− 1
2
ηklvm , (3.3)
vk
def
= T llk , (3.4)
and
aklm
def
=
1
3
(Tklm + Tmkl + Tlmk) , (3.5)
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respectively, and Ekl and Ikl are the irreducible components of Rklmn defined by
Ekl
def
=
1
2
(Rkl −Rlk) (3.6)
and
Ikl
def
=
1
2
(Rkl +Rlk)− 1
3
ηklR , (3.7)
respectively. Also, α, β, γ, δ, a1, a2, a3 and a are real constant parameters. Then,
I
def
=
1
c
∫
Ld3x (3.8)
is the total action of the system, where c is the light velocity in the vacuum and L is defined
by
L
def
=
√−g(LG + LM(ϕ,Dkϕ)) (3.9)
with LG
def
= LT + LR and g
def
= det(gµν). For the case with a1 = a2 = a3 = 0, a 6= 0,
α = β = γ = 0 and with δ = 0, the Lagrangian LG reduces to the Einstein-Cartan
Lagrangian [13, 14]. The field equation δL/δeiµ = 0 reads [15]
2aRji + 4J[ik][jl]R
kl + 4J [kl][jl]Rki − 2J[ik][jk]R
−2DkFijk + 2vkFijk + 2Hij − ηijLG = Tij , (3.10)
where we have defined
Jijkl
def
= 2a3Rηikηjl + 2ηik(a1Ejl + a2Ijl) , (3.11)
DkFijk
def
= eµk(∂µFijk + Ai
m
µFmjk
+Aj
m
µ
Fimk + Ak
m
µFijm) , (3.12)
Fijk
def
= α(tijk − tikj) + β(ηijvk − ηikvj) + 2γaijk
= −Fikj (3.13)
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and
Hij
def
= TkliF
kl
j − 1
2
TjklFi
kl = Hji . (3.14)
Also, Tij denotes the energy-momentum density of the field ϕ defined by
√−gTij def= ejµ δ(
√−gLM)
δeiµ
. (3.15)
The field equation δL/δAijµ = 0 reads
2DlJ[ij][kl] +
(
4
3
tk
[lm] − δk [lvm] + aklm
)
J[ij][lm]
−Hijk = Sijk (3.16)
with
DlJ[ij][kl]
def
= eµl(∂µJ[ij][kl] + Ai
m
µJ[mj][kl]
+Aj
m
µ
J[im][kl] + Ak
m
µJ[ij][ml]
+Al
m
µJ[ij][km]) , (3.17)
Hijk
def
= −
(
α +
2a
3
)
(tkij − tkji)−
(
β − a
2
)
×(ηkivj − ηkjvi) + (4γ − a)aijk = −Hjik . (3.18)
Here, Sijk is the ”spin” [16] density of ϕ defined by
√−gSijk def= −ekµ δ(
√−gLM)
δAijµ
. (3.19)
IV. ALTERNATIVE FORMS OF THE GRAVITATIONAL FIELD EQUATIONS
We shall rewrite the gravitational field equations (3.10) and (3.16), by using the expres-
sion,
Aijµ = ∆ijµ +Kijµ (4.1)
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with ∆ijµ being the Ricci rotation coefficient,
∆ijµ
def
=
1
2
ekµ(Cijk − Cjik − Ckij) , (4.2)
where
Cijk
def
= eνje
λ
k(∂νeiλ − ∂λeiν) . (4.3)
There is the relation,
Rijµν = Rijµν({}) +Rijµν(K) (4.4)
with
Rijµν({}) def= ∂µ∆ijν − ∂ν∆ijµ −∆ikµ∆jkν +∆ikν∆jkµ
= eiλe
ρ
jR
λ
ρµν({}) , (4.5)
Rijµν(K)
def
= ∇µKijν −∇νKijµ
−KikµKjkν +KikνKjkµ , (4.6)
as is shown by substituting (4.1) into (2.7). Here, Rλρµν({}) stands for the Riemann-
Christoffel curvature tensor,
Rλρµν({}) def= ∂µ
{
λ
ρ ν
}
− ∂ν
{
λ
ρ µ
}
+
{
λ
τ µ
}{
τ
ρ ν
}
−
{
λ
τ ν
}{
τ
ρ µ
}
, (4.7)
and ∇µKijν denotes the covariant derivative with respect to the Ricci rotation coefficients
when the index is Latin, and with respect to the Levi-Civita connection when the index is
Greek. Each irreducible part of Rijkl is split into two parts, as is known by using (4.4) in
(3.6) and (3.7), and Jijkl can be expressed as
Jijkl = Jijkl({}) + Jijkl(K) , (4.8)
where Jijkl({}) and Jijkl(K) are formed of the irreducible parts of Rijkl({}) and of Rijkl(K),
respectively. The tensor Jijkl({}), in particular, is given by
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Jijkl({}) = 2a2ηikRjl({}) + 2
(
a3 − a2
3
)
ηikηjlR({}) , (4.9)
where Rij({}) and R({}) are the Ricci tensor and the Riemann-Christoffel scalar curvature,
respectively,
Rij({}) def= eµieνjRλµλν({}) , R({}) def= ηijRij({}) . (4.10)
The gravitational Lagrangian LG can be rewritten as
LG = a2R
kl({})Rkl({}) +
(
a3 − a2
3
)
(R({}))2 + aR({})
+L′T + L
′
R −
2a√−g∂µ(
√−gvµ) , (4.11)
where
L′T
def
=
(
α+
2a
3
)
tklmtklm +
(
β − a
2
)
vkvk
+
(
γ − a
4
)
aklmaklm + δ , (4.12)
L′R
def
= LR − a2Rkl({})Rkl({})
−
(
a3 − a2
3
)
(R({}))2 − aR . (4.13)
Here, we have used the relation,
√−gR = √−gR({})−√−g
(
−2
3
tklmtklm
+
1
2
vkvk +
1
4
aklmaklm
)
− 2∂µ(
√−gvµ) . (4.14)
Using the above formulae in (3.10), we get the alternative form of the field equation for eiµ,
2aGij({}) + 1
3
(5a2 + 12a3)Rij({})R({})− 2a2Rik({})Rjk({})
+ηij
{
a2R
kl({})Rkl({})−
(
2a2
3
+ a3
)
(R({}))2
}
+ a2ηij{2Rkl({})Rkl(K)− R({})R(K)}
+a2Rij({})R(K) + 2
3
(a2 + 6a3)R({})Rji(K)− 2a2Rik({})Rjk(K) + 4J[ik][jl](K)Rkl
+4J [kl][jl](K)Rki − 2J[ik][jk](K)R− 2DkF ′ijk + 2vkF ′ijk + 2H ′ij
−ηij(L′T + L′R) = Tij , (4.15)
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where Gij({}) is the three-dimensional Einstein tensor,
Gij({}) def= Rij({})− 1
2
ηijR({}) . (4.16)
Here, we have defined
F ′ijk
def
=
(
α +
2a
3
)
(tijk − tikj)+
(
β − a
2
)
(ηijvk − ηikvj)
+2
(
γ − a
4
)
aijk = −F ′ikj , (4.17)
H ′ij
def
= TkliF
′kl
j − 1
2
TjklF
′
i
kl
= H ′ji . (4.18)
We have the relations,
F ′ijk =
1
2
(Hijk −Hikj −Hjki) (4.19)
and
Hijk = F
′
ijk − F ′jik , (4.20)
as is shown by comparing (3.18) and (4.17). The field equation for Aijµ is rewritten as
− 2a2∇[iGj]k({})− 8
(
a3 +
a2
6
)
ηk[i∂j]G({}) + 2(Dl −∇l)J[ij][kl]({}) + 2DlJ[ij][kl](K)
+
(
4
3
tk
[lm] − δk [lvm] + aklm
)
J[ij][lm] −Hijk = Sijk , (4.21)
where G({}) def= ηijGij({}). By examining the alternative forms of the gravitational field
equations (4.15) and (4.21), we find the following:
(1) For the case with Sijk ≡ 0 and with Tij ≡ 0, any solution of the equations
Gij({})− ηijΛ = 0 , (4.22)
Tijk = 0 , (4.23)
satisfies (4.15) and (4.21) with δ = 2Λ(a + 6a3Λ). We can say shortly, “Solutions of the
vacuum Einstein equation are solutions of the vacuum gravitational field equations in this
theory.”
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(2) The equation (4.21) does not contain third derivatives of the metric tensor, if and
only if
a2 = a3 = 0 . (4.24)
(3) When the condition (4.24) is satisfied, then (4.15) and (4.21) are considerably sim-
plified. In (4.15), the terms quadratic in the Riemann-Christoffel curvature tensor are all
vanishing. In (4.21), the first three terms disappear, and all the remaining terms are linear
or quadratic in the torsion tensor. Thus, if the intrinsic “spin” of the source is vanishing,
Sijk ≡ 0, then (4.21) is satisfied by the vanishing torsion, and when the torsion vanishes,
(4.15) reduces to the equation,
2aGij({})− ηijδ = Tij . (4.25)
For the case with a = 1/2κ with κ being the “Einstein gravitational constant”, (4.25) agrees
with the Einstein equation, because Tij=Tji for a vanishing Sijk, as is seen from (5.10) of
the next section. The following, however, should be noted: The torsion tensor does not
necessarily vanish, even when the condition (4.24) is satisfied and the intrinsic “spin” of the
source field is vanishing.
(4) When the condition a1 = 0 is satisfied in addition to the condition (4.24), then (4.15)
and (4.21) reduce to
2aGij({})− 2DkF ′ijk + 2vkF ′ijk + 2H ′ij − ηijL′T = Tij (4.26)
and
−Hijk = Sijk , (4.27)
respectively. The torsion tensor is linearly dependent on Sijk, if
(3α + 2a)(2β − a)(4γ − a) 6= 0 , (4.28)
as is seen from (3.18) and (4.27). Thus, the torsion is “frozen” at the place where the “spin”
density Sijk does not vanish.
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If Sijk ≡ 0, (4.15) for the present case reduces to (4.25). Also, the field equations for the
“spin”less source fields agree with those in the Einstein theory.
V. EQUATION OF MOTION FOR MACROSCOPIC BODIES
We shall derive the equation of motion for macroscopic bodies, which can be done in a
way similar to the case of the (3+1)-dimensional theory [7].
From the fact that gravitational action integral,
IG
def
=
1
c
∫
LGd
3x (5.1)
with
LG
def
=
√−gLG , (5.2)
is invariant under general coordinate transformations, the identity,
√−g(Y iν∂µeiν + Zijν∂µAijν)
≡ ∂ν{
√−g(Yµν + ZijνAijµ)} , (5.3)
follows, where
√−gYiµ def= −δLG
δeiµ
(5.4)
and
√−gZijµ def= − δLG
δAijµ
. (5.5)
The gravitational field equations δL/δeiµ = 0 and δL/δA
ij
µ = 0 can be expressed as
Yµ
ν = Tµ
ν (5.6)
and
Zij
ν = −Sijν , (5.7)
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respectively. By using (5.6), (5.7) and the formula,
∂ν(
√−gYµν)−
√−gY iν∂µeiν
≡ √−g(∇νYµν +∆λνµY λν) , (5.8)
in (5.3), we obtain the response equation to gravitation,
∇νTµν +∆λνµT λν − 2∂[νAijµ]Sijν
− 1√−gA
ij
µ∂ν(
√−gSijν) ≡ 0 . (5.9)
Also, the identity,
√−gT[ij] ≡ ∇µ(
√−gSijµ)− i
2
δLM
δϕ
Mijϕ , (5.10)
follows from the invariance of the total action I under local Lorentz transformations. Here,
we have defined
∇µ(
√−gSijµ) def= ∂µ(
√−gSijµ) +
√−gAimµSmjµ
+
√−gAjmµSimµ . (5.11)
We obtain
∇νTµν + 1√−g∆ijµ∇ν(
√−gSijν)− 2∂[νAijµ]Sijν
− 1√−gA
ij
µ∂ν(
√−gSijν) = 0 , (5.12)
by the use of (5.10) and of the field equation δL/δϕ = δLM/δϕ = 0 in (5.9). We apply this
equation to the motion of a macroscopic body for which effects due to the “spin”s of the
constituent fundamental particles can be ignored, then the energy-momentum tensor of a
macroscopic body is symmetric and satisfies the conservation laws,
∇νTµν = 0 . (5.13)
From (5.13), we can show, in a way quite similar to the case in the four-dimensional Einstein
theory, that the world line of a macroscopic body is the geodesic line of the metric gµνdx
µ⊗
dxν .
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VI. TWO LIMITING CASES
A. The case with ai →∞(i = 1, 2, 3)
Suppose that the parameters ai(i = 1, 2, 3) have the expression
ai =
1
f 2
ai, (i = 1, 2, 3) , (6.1)
where f is a parameter characterizing the magnitude of ai’s and it can be regarded as
standing for the coupling strength between the Lorentz gauge field and the matter field ϕ.
Multiplying both sides of (3.16) by f 2 and taking the limit f → 0, we get
2DlJ [ij][kl] +
(
4
3
tk
[lm] − δk [lvm] + aklm
)
J [ij][lm] = 0 , (6.2)
where
J ijkl
def
= 2a3Rηikηjl + 2ηik(a1Ejl + a2Ijl) . (6.3)
By substituting Rijkl = 0, which is a solution of (6.2), into (3.10), we obtain
− 2DkFijk + 2vkFijk + 2Hij − ηijLT = Tij . (6.4)
Specifically, if we set Aijµ = 0, (6.4) with δ = 0 reduces to (3.7) of Ref. [11], which is the
gravitational field equation in a teleparallel theory. Even for this limiting case, the theory
given in this paper is not identical to the theory developed in Ref. [11], because (6.2) does
not necessarily imply Rijkl = 0. To put it briefly, the teleparallel theory developed in Ref.
[11] is “included as a solution” in the limiting case with ai →∞, (i = 1, 2, 3) and with δ = 0.
B. The case with α→∞, β →∞, γ →∞
When α, β and γ become large, the torsion tensor becomes infinitely small with Hijk kept
finite, which follows from (3.16). In the limit of α → ∞, β → ∞, γ → ∞, the underlying
space-time is of the Riemann type, and Hijk is given by
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Hijk = −2a2∇[iGj]k({})
−8
(
a3 +
a2
6
)
ηk[i∂j]G({})− Sijk , (6.5)
which is obtained from (4.21). By using (2.8), (4.19) and (6.5) in (4.15), we obtain
2aGij({}) + 2
3
(7a2 + 6a3)Rij({})R({})− 8a2Rik({})Rjk({})
−ηij
(
−3a2Rkl({})Rkl({}) + 1
3
(5a2 + 3a3)(R({}))2
)
+ 2a2∇k∇kGij({})
−4
3
(a2 + 6a3)(ηij∇k∇k −∇i∇j)G({})
= Tij −∇k(Sijk − Sikj − Sjki) . (6.6)
This equation is obtainable also directly from the Lagrangian L˜
def
= LGR + LM(ϕ,∇kϕ),
where
LGR
def
= a2R
kl({})Rkl({}) +
(
a3 − a2
3
)
(R({}))2
+aR({}) , (6.7)
∇kϕ def= eµk
(
∂µϕ+
i
2
∆lmµMlmϕ
)
. (6.8)
VII. LINEARIZED GRAVITATIONAL FIELD EQUATIONS AND RELATION TO
THE NEWTON THEORY
A. Linearized equations
We now examine the gravitational field equations in the weak field situations in which
aiµ
def
= eiµ − δiµ (7.1)
and Aijµ are so small that it is sufficient to keep only terms linear in a
i
µ and in A
ij
µ. In
this approximation, Greek and Latin indices need not be distinguished with each other, and
thus we shall use Greek indices throughout the present section with the understanding that
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they are raised and lowered with (ηµν)
def
= (ηµν)
−1 and (ηµν)
def
= diag(−1, 1, 1). For this case,
the components gµν of the metric tensor has the expression
gµν = ηµν + hµν (7.2)
with
hµν
def
= aµν + aνµ . (7.3)
Noting (4.1) and (7.1), we employ aµν and the torsion tensor Tλµν as independent field
variables, and express the linearized gravitational field equations in terms of them. In
what follows, we consider the case with δ = 0 only, because the ”cosmological term” δ
in the Lagrangian LT is not in harmony with our weak field approximation. After some
calculations, we find that (4.15) and (4.21) take the forms
2aG(1)µν − 2∂λF ′(1)µνλ = Tµν (7.4)
and
Z
(1)
λµν = −Sλµν , (7.5)
respectively. Here, we have defined
G(1)µν
def
= ∂λ∂(µh
λ
ν) − 1
2
∂µ∂νh− 1
2
✷hµν − 1
2
ηµν(∂λ∂ρh
λρ −✷h) , (7.6)
F ′
(1)
µνλ
def
=
(
α +
2a
3
)
(tµνλ − tµλν) +
(
β − a
2
)
(ηµνvλ − ηµλvν) + 2
(
γ − a
4
)
aµνλ = −F ′(1)µλν ,
(7.7)
Z
(1)
λµν
def
= a2
(
∂λG
(1)
µν − ∂µG(1)λν
)
+ 8
(
a3 +
a2
6
)
ην[λ∂µ]G
(1) + (a1 + a2)ην[µ∂ρ∂σt
ρσ
λ]
+
1
3
[∂µ∂σ{2a1tσ [λν] + 3a2tλνσ} − ∂λ∂σ{2a1tσ [µν] + 3a2tµνσ}]
+
1
6
(3a1 + a2 − 48a3)ην[µ∂λ]∂σvσ + 1
2
(a1 + a2){∂ν∂[µvλ] + ην[λ✷vµ]}
+a1∂σ∂[µaλ]ν
σ +H
(1)
λµν (7.8)
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with G(1)
def
= ηµνG(1)µν , h
def
= ηµνhµν , ✷
def
= ∂µ∂µ and
H
(1)
λµν
def
= −
(
α +
2a
3
)
(tνλµ − tνµλ)−
(
β − a
2
)
(ηνλvµ − ηνµvλ) + (4γ − a)aλµν = −H(1)µλν .
(7.9)
These G(1)µν , F
′(1)
µνλ, Z
(1)
λµν , G
(1) and H
(1)
λµν are the linearized expressions for Gµν({}), F ′µνλ, Zλµν ,
G({}) and Hλµν , respectively. In the lowest order approximation now considering, we have
the differential conservation law,
∂νTµ
ν = 0 (7.10)
and the Tetrode formula,
∂λSµν
λ = T[µν] . (7.11)
The field equations (7.4) and (7.5) are invariant under the infinitesimal gauge transforma-
tions:
h∗µν = hµν + ∂µΛν + ∂νΛµ , (7.12)
a∗[µν] = a[µν] + ωµν , ωµν = −ωνµ (7.13)
with Λµ and ωµν being both arbitrary infinitesimal functions. The transformations (7.12)
and (7.13) are the infinitesimal versions of the general coordinate and local gauge trans-
formations, respectively. The invariance under the transformation (7.12) means that the
antisymmetric part a[µν] does not have physical significance. By virtue of the invariance
under the transformation (7.12), we can put the harmonic condition,
∂νhµν = 0 , (7.14)
which is assumed from now on. Here, we have defined
hµν
def
= hµν − 1
2
ηµνh . (7.15)
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The linearized Einstein tensor now takes the form,
G(1)µν = −
1
2
✷hµν . (7.16)
It is convenient to decompose (7.4) into the symmetric and antisymmetric parts:
2aG(1)µν − 3
(
α+
2a
3
)
∂λtµνλ
−2
(
β − a
2
)
(ηµν∂
λvλ − ∂(µvν)) = T(µν) , (7.17)
2
(
α +
2a
3
)
∂λtλ[µν] + 2
(
β − a
2
)
∂[µvν]
−4
(
γ − a
4
)
∂λaµνλ = T[µν] . (7.18)
Taking the trace of (7.17), we obtain
2aG(1) − 4
(
β − a
2
)
∂λvλ = T (7.19)
with T
def
= ηµνTµν . Both sides of (7.4) are divergenceless because of (7.10), while the diver-
gence of (7.5) with respect to ν gives (7.18) by virtue of (7.11). Thus, the field equations
(7.4) and (7.5) give (9+9)− (3+3) = 12 independent equations for 3+9 = 12 independent
field variables.
B. h00 due to a static, “spin”less point like source
Using (7.8), (7.17) and (7.19) in the the symmetric part of the divergence of (7.5) with
respect to xλ,
∂λZ
(1)
λ(µν) = −∂λSλ(µν) , (7.20)
we obtain the fourth-order field equation for hµν ,
A✷hµν +B✷
2hµν + C(ηµν✷− ∂µ∂ν)✷h = T (eff)µν (7.21)
with
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A
def
= −a , (7.22)
B
def
= − 3αa2
3α + 2a
, (7.23)
C
def
=
1
6(2β − a){8β(a2 + 6a3)− 3aa2} −
aa2
3α + 2a
(7.24)
and
T (eff)µν
def
= T(µν) − 2∂λSλ(µν) − a2 + 24a3
6(2β − a)(ηµν✷− ∂µ∂ν)T
− 2a2
3α + 2a
(
✷T(µν) − 1
2
(ηµν✷− ∂µ∂ν)T
+2∂λ∂ρ∂(µSν)λρ
)
. (7.25)
It is worth mentioning that the parameters a1 and γ do not appear in (7.21) with (7.22)–
(7.25). We consider now the gravitational field produced by a static, “spin”less source
located at the origin, for which Sλµν is vanishing and Tµν is given by
Tµν =


Mc2δ2(~r) , µ = ν = 0 ,
0 , otherwise
(7.26)
with ~r
def
= (x1, x2). For this case, T (eff)µν has the expression
T
(eff)
00 =Mc
2 {δ2(~r) + (P +Q)∆δ2(~r)} ,
T
(eff)
0α = T
(eff)
α0 = 0 ,
T
(eff)
αβ =Mc
2(P −Q)(∂α∂β − δαβ∆)δ2(~r) ,


(7.27)
where the indices α and β run over 1 and 2,
∆
def
= (∂1)
2 + (∂2)
2 and
P
def
= −a2 + 24a3
6(2β − a) , Q
def
= − a2
3α + 2a
. (7.28)
Taking trace of (7.21), we obtain
A✷h + (B + 2C)✷2h = T (eff) , (7.29)
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where h
def
= ηµνhµν , and
T (eff)
def
= ηµνT (eff)µν = −Mc2δ2(~r)− 2Mc2P∆δ2(~r) . (7.30)
In the following, we shall solve (7.21) and (7.29) to give a time-independent circularly sym-
metric potential h00 for each of four cases.
1. The case with a 6= 0
For this case, (7.29) is solved, by utilizing the method of Fourier integral, to give
h(r) = −Mc
2
2πA
log r +
Mc2
4π2A
(2PA−B − 2C)
∫
ei
~k·~r
(B + 2C)~k2 −Ad
2~k
+C1
∫
δ((B + 2C)~k2 − A)ei~k·~rd2~k + C2 (7.31)
with C1 and C2 being integration constants, r
def
= |~r| and ~k def= (k1, k2). Substituting (7.31)
into (7.21) with µ = ν = 0, solving the equation thus obtained and using (7.22), (7.23) and
(7.24) and the formula,
J0(kr) =
1
2π
∫ 2π
0
eikr cos θdθ , (7.32)
we obtain
h00(r) = −Mc
2a2(3α+ 2a)
4πa
∫ ∞
0
kJ0(kr)
3αa2k2 − a(3α+ 2a)dk
+
Mc2(a2 + 24a3)(2β − a)
4πa
∫ ∞
0
kJ0(kr)
2β(a2 + 24a3)k2 + 3a(2β − a)dk
+6πC1|2β − a|
∫ ∞
0
δ(2β(a2 + 24a3)k
2 + 3a(2β − a))kJ0(kr)dk
+C3|3α+ 2a|
∫ ∞
0
δ(3αa2k
2 − a(3α + 2a))J0(kr)
k
dk + C4 (7.33)
with k
def
= |~k|, and C3 and C4 being integration constants. Here, J0 denotes the Bessel
function of the first kind and of index zero.
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2. The case with a = 0 and αβa2(a2 + 24a3) 6= 0
In a way similar to the case 1, the solution
h00(r) =
Mc2(3α + 4β)
24παβ
log r − Mc
2(a2 + 6a3)
4πa2(a2 + 24a3)
r2 log r
+C5r
2 + C6 (7.34)
is obtained, where C5 and C6 are integration constants.
3. The case with a2 →∞, a3 →∞ and αβ 6= 0
The parameters a2 and a3 are assumed to have the expression
ai =
ai
f 2
, (i = 2, 3) (7.35)
with f being a real constant, and we consider the limiting case with f → 0. Multiplying
both sides of (7.21) and (7.29) by f 2 and taking the limit f → 0 and following a similar
procedure as in the above, we find
h00(r) =
3α + 4β
24παβ
Mc2 log r + C7r
2 + C8 (7.36)
with C7 and C8 being integration constants.
4. The case with α→∞, β →∞ and a 6= 0
The potential for this case is given by
h00(r) = −Mc
2a2
4πa
∫ ∞
0
kJ0(kr)
a2k2 − adk +
Mc2(a2 + 24a3)
4πa
∫ ∞
0
kJ0(kr)
(a2 + 24a3)k2 + 3a
dk
+
2C9(a2 + 6a3)
3
∫ ∞
0
δ((a2 + 24a3)k
2 + 3a)kJ0(kr)
a2k2 − a dk
+C9
∫ ∞
0
δ((a2 + 24a3)k
2 + 3a)J0(kr)
k
dk + C10
∫ ∞
0
δ(a2k
2 − a)J0(kr)
k
dk + C11 (7.37)
with Ci (i=9, 10, 11) being integration constants.
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C. Relation to the Newton theory
We consider a macroscopic body for which effects due to the “spin”s of the fundamental
constituent particles can be ignored. The world line of motion of this macroscopic body mov-
ing freely in the space-time under consideration is the geodesic line of the metric gµνdx
µ⊗dν ,
as has been known in Sec.V. Thus, when the motion is sufficiently slow and the gravitational
field is weak, this body obeys the equation of motion,
d2~r
dt2
= −∂U
∂~r
(7.38)
with U
def
= −c2h00/2. Neither of the solutions (7.33) and (7.37) can give a Newton poten-
tial. The potential U given by the solution (7.34) satisfies the Newton equation for the
gravitational potential,
∆U = 4πGMδ(~r) , (7.39)
if the conditions
3α+ 4β = −96αβπG
c4
, (7.40)
a2 + 6a3 = 0 , (7.41)
are both satisfied and when the integration constants C5 is chosen to be zero: C5 = 0. Here,
G stands for “Newton gravitational constant”. Also the solution (7.36) gives the Newton
potential, if the condition (7.40) is satisfied and if C7 = 0. Thus, each of the case 2 with the
conditions (7.40) and (7.41) and of the case 3 with the condition (7.40) can give a Newtonian
limit by a suitable choice of the integration constant. But, it should be noted that the field
equations for hµν are fourth-order differential equations for both cases.
VIII. SUMMARY AND COMMENTS
We have formulated a Poincare´ gauge theory of (2+1)-dimensional gravity and the results
can be summarized as follows:
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(1) The theory is underlain with the Riemann-Cartan space-time, and the gravity is
attributed to the curvature and the torsion. The most general gravitational Lagrangian,
which is at most quadratic in curvature and torsion tensors, is given by LG
def
= LT +LR with
LT and LR being given by (3.1) and (3.2), respectively.
(2) The gravitational field equations are given by (3.10) and (3.16), the alternative forms
of which are (4.15) and (4.21), respectively.
(3) Solutions of the vacuum Einstein equation with the cosmological constant Λ satisfy
the vacuum gravitational field equations with δ = 2Λ(a+ 6a3Λ).
(4) Equation (4.21) does not contain third derivatives of the metric tensor, if and only
if a2 = a3 = 0. For the case with a2 = a3 = 0, the vanishing torsion satisfies (4.21) with
Sijk ≡ 0, and (4.15) reduces to the Einstein equation (4.25) for the vanishing torsion.
(5) For the case with a1 = a2 = a3 = 0 and with (3α + 2a)(2β − a)(4γ − a) 6= 0, the
torsion is “frozen” at the place where the “spin” density Sijk does not vanish. If a = 1/2κ
in addition and the source field is “spin”less, field equations for the gravitational and source
fields agree with those in the Einstein theory.
(6) The world line of the macroscopic body is the geodesic line of the metric gµνdx
µ⊗dxν ,
if the effects due to the “spin” of the fundamental constituent particles can be ignored.
(7) In the sense mentioned in Sec. VI A, the teleparallel theory developed in Ref. [11] is
“included as a solution” in the limiting case with ai →∞(i = 1, 2, 3) and with δ = 0.
(8) For the case with α → ∞, β → ∞, γ → ∞, the underlying space-time is of the
Riemann type.
(9) The linearized field equations lead to the fourth-order differential equation (7.21) for
weak gravitational potentials. For the gravitational field produced by a static “spin”less
point like source, (7.21) has been solved to give the potential U
def
= −c2h00/2. The solutions
are classified into the four cases 1, 2, 3 and 4. Each of the case 2 with the conditions (7.40)
and (7.41) and of the case 3 with the condition (7.40) can give a Newtonian limit by a
suitable choice of the integration constant.
The following is worth to be mentioned:
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(a) Even for the case with a1 = a2 = a3 = 0, a = 1/2κ and (3α+2a)(2β−a)(4γ−a) 6= 0,
field equations are different from those in the Einstein theory, if the source field has non-
vanishing “spin”. For this case, space-times in the vacuum regions are locally the same
as those in the Einstein theory, but the quantized theory and non-local properties such
as the gravitational Aharonov-Bohm effect [17, 18] due to the “spin”ing source fields are
presumably different from those of the latter theory.
(b) The condition (7.40) agrees with the condition (5.11) in Ref. [11] in its form. This
is quite naturally understood, if we note the discussions in Sec.VI A and in Sec.VII B 3
and the fact that the parameter a1 does not appear in the linearized equation (7.21) with
(7.22)–(7.25).
(c)As is known from (3), black hole solutions [19, 20] of the ordinary three-dimensional
vacuum Einstein equation with a negative cosmological constant satisfy the vacuum grav-
itational field equations in our theory. Also, it is worth adding that these solutions are
independent of the black holes in a teleparallel theory discussed in Ref. [11].
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